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ABSTRACT: A recently published treatment of potentiometric titration data obtained with polyacids in
terms of ionization constants of oligomeric subunits has been further developed and analyzed. The treatment
provides simple expressions for calculating ionization constants, partition functions, and free energies of ionization
for the polyacid. The physical meaning of the oligomeric subunit has been reinterpreted, and the new
interpretation has been used to elucidate the applicability of the treatment to the previously described analysis
of conformational transitions, which may lead to bimodal population distributions among the various de-
protonation states of the subunit. The application of the method to potentiometric titration data is shown
to result in unimodal distributions for poly(acrylic acid) and (carboxymethyl)cellulose but in bimodal distributions
for poly(L-glutamic acid) in the pH range where this acid is known to undergo a helix—coil transition. The
generalization of the treatment to binding equilibria involving other ligands and macromolecules is discussed.

Introduction

It was recently shown that under suitable circumstances
conformational transitions of polyacids could be charac-
terized by a novel method.! This method involves the
treatment of potentiometric titration curves in terms of
successive ionization constants applied to oligomeric sub-
units of the polymer chain and thereby allows the resolu-
tion of the subunits into species differing in their states
of deprotonation. Specifically when this technique was
applied to a copolymer of maleic acid and butyl vinyl ether,
two distinct peaks appeared in the population distribution
functions of these species over the pH range where the
copolymer is known to undergo a conformational transi-
tion. In contrast, only single-peaked distribution functions
were obtained for the copolymer of maleic acid and methyl
vinyl ether, for which no evidence for the occurrence of
a conformational transition is known.

Further investigation has shown that the method has
a number of additional features which can significantly
facilitate the presentation, treatment, and interpretation
of data describing binding equilibria of polyelectrolytes
in general. Thus it is possible to obtain, in terms of a small
number of empirical parameters, simple analytical ex-
pressions for equilibrium constants, free energy, and
partition functions related to the ionization of the poly-
electrolyte. It is significant that no molecular model is
assumed in the calculation of the partition functions, which
can, therefore, serve as means of comparison with theo-
retical partition functions based on such models.

In this paper we want to describe these features as well
as give a revised interpretation of the meaning of the
subunit which clarifies the application of the method to
the treatment of conformational transitions.

Empirical Equation

We shall follow the previously described method, which
is based on the potentiometric titration of polyacid being
performed in excess supporting electrolyte so that activity
coefficients may be considered constant.! The data are
described by the equation
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2ifh
o= 6
N N
1+ T8k
i=1

where « is the degree of deprotonation defined, according

to our previous usage, so that its value at complete de-
protonation, a,, equals the number of acidic groups per
repeat unit of the polyacid. The quantity h is the anti-
logarithm of the pH and represents the reciprocal of the
hydrogen ion activity. Equation 1 follows directly from
eq 6 and 10 of ref 1, where o, for a maleic acid copolymer,
was taken as equal to 2. Equation 6 of that reference was
derived for an entity AH, considered as a polyacid subunit
containing N acidic groups; the coefficients 3; were defined
as overall ionization constants of these subunits. We de-
viate here from the previous presentation in that we shall
defer this identification of eq 1 and the 3;’s with the sub-
units. We shall instead start out by regarding eq 1 as an
empirical equation which describes the experimental ti-
tration curve with N adjustable parameters 8. Equation
1, after clearing of fractions, represents a set of linear
equations in the 8;'s, one for each data point, which may
be solved by conventional methods, one of which has been
described previously.! The value of N depends on the
complexity of the titration curve and should be chosen
large enough so that eq 1 represents the experimental data
within their precision limits. To give a rough idea of the
magnitude of N, we have found that with the currently
attainable precision in potentiometric titrations, minimum
values of N needed for poly(acrylic acid) and for the co-
polymer of maleic acid and butyl vinyl ether are 4 and 8,
respectively.

Dissociation Constants, Partition Function, and
Species Mole Fractions

If we define 35 by the relation

N
=1+ 28H (2)
i=1
eq 1 can be rewritten in the form
ap dln X
o= - (3)
N dlnh
On integration, we obtain
h
1n2N=ﬁf 2 gk 4)
am J, h

It should be noted that in the limit of h = 0,In Y5 =0
while according to eq 1 the ratio a/h remains finite.

If both sides of eq 4 are divided by N, the right-hand
side depends only on the experimental quantities o and
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h. This leads to the important result that (In }_»)/N or
(WYY is invariant with N. Thus, if a satisfactory set of
N parameters, §;, has been found, this invariance makes
it possible to construct other sets of parameters with larger
N which will fit the data equally well. Specifically, this
principle may be applied to N*, the number of acidic
groups in the actual polymer molecule (an asterisk will
generally be used to annotate symbols pertaining to the
whole polymer molecule), so that we can obtain }_* by the
equation

In2* = (N*/N) In 2y 6

or, in an equivalent form
N* ) N
1+ %A = (1 4+ LBAHNIN (6)
i=1 i=1

By expanding the right-hand side of eq 6 and equating
coefficients of equal powers of h, we can obtain the N*
parameters 8*; in terms of the N parameters 8;.2 The
relations for the first and last coefficients are especially
simple; i.e.

B*, = (N*/N)B, ¥
and
B*ns = BNV 8

These equations indicate that 3,/ N and pBy/N, where p8y
denotes the negative logarithm of 8y, are invariant with
N3 .

It is easy to verify that the 8*’s are the equilibrium
constants for the reactions

A%, =A% +iH* =12, ., N* )

i.e.
8% = [A%]/[A%JR  i=12.,N*  (10)

where A*, and A*; denote the un-ionized and ionized
polyacid molecular species* AHy. and AHy. /", respec-
tively, and the brackets denote concentrations. The pa-
rameters K*;, defined by

K* = 3* /6%

are the stepwise dissociation constants of the polyacid.

Since the 8*’s and, by inference, the K*;'s are defined
in terms of concentrations of polyion species, they im-
plicitly contain the activity coefficients of these species.
They will, therefore, be constant in any one supporting
electrolyte medium but may be expected to vary from one
medium to another.

From eq 8 it is apparent that the quantity 8% is pro-
portional to the concentration of species A*;, Therefore,
S"* may be viewed as a partition function of the polyacid,
and

i=1,2, .., N* (11)

x* = Brhi/Tx i=1,2, .., N* (12)
gives the mole fraction of species A*; relative to the total
polyacid, while

x*g=1/20% (13)

gives the mole fraction of undissociated species A*,.
The equations in this section have been derived chiefly
for developing the relations contained in the following
sections. Their use for obtaining numerical values of the
B*/’s is limited because of the amplification of experimental
error estimates in the application of eq 6. It can be shown
that the average error estimates of the p8*;’s and In >_*
are approximately N*/N times those of the p3;"¥ 3 and In
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3" ~» respectively, and that only the pK;’s are not affected
by this error magnification with increasing N. However,
these limitations are of little practical consequence since
any measurable property of the polyacid that might be
described by the N* 8*; parameters can be characterized
equally well and more efficiently by the N 3; parameters.

The error magnification in going from > » to 3_* does
not affect the validity of the relations derived in the fol-
lowing sections. In these derivations eq 5 is used to go from
the “true” 3_* to Y_n. This procedure reverses and thereby
cancels the error magnification.

Free Energy of Dissociation

Let us consider the deprotonation of 1 mol of polyacid
A*; according to eq 9. At any value of h and the corre-
sponding value of a we will have a mixture of species A¥,
with mole fractions x*;. Following a method introduced
by Schellman,’ we will show in the Appendix that the free
energy of this process is given by the expression

AG*, = -RTIn L* (14)

The above equation refers to the hydrogen ion at its am-
bient chemical potential in the equilibrium mixture.
Another useful free energy function applies to a process
which differs from the above only in that the hydrogen ion
is in its standard state. It is shown in the Appendix that
this free energy, also for 1 mol of polyacid, is expressed
by the equation

Oy

*
AGe*, = —RT(ln o - Mgy h) (15)

By the definitions of o, and N*, the quantity N*/a,,
gives the number of repeat units in the polyacid molecule.
Dividing eq 14 and 15 by this number and applying eq 5,
we obtain the free energies per mole of repeat unit, AG and
AG?®, referring to hydrogen ion at ambient and standard
state chemical potentials, respectively.

AG/RT = —(ap,/N) In 2y (16)
and
AG°/RT = e,/ N In 2y +alnh (17

Applying eq 4, we obtain
h
AG/RT = - f

h
adlnh (18)
and
AG°/RT = | “In b da (19)

The derivation of eq 19 involves integration by parts and
the fact that the product o In h vanishes as « and & ap-
proach zero. Equation 2 may be expressed in the form

Bn-1 |, Bn-2 1
= ByhV — + +.+t— 20
2N = Bnh (1 + Py ﬁNhN) (20)

In the limit of h = =, this leads, after rearrangement, to
In By = }llim (ln>Xy-Nlnh) (21)

which, together with eq 17 in the same limit, gives
AG°(a = ap)/RT = (0 /N) In By (22)

Applying eq 19, we obtain

P8y = (N /) j; “"5H da (23)
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This equation provides an alternative method for calcu-
lating By from the experimental data. In view of the in-
variance relation expressed by eq 8, eq 23 may also be
considered to give the overall equilibrium constant for the
complete ionization of any N-protic polyacid. Equations
16, 17, and 22 permit the convenient calculation of AG and
AG® from the §8; parameters.

Interpretation of 3y

According to eq 6 the partition function of the macro-
molecule, 3_*, can be represented as a power of >_y. This
is what would be expected if the polyacid molecule con-
sisted of independent noninteracting subunits containing
N ionizable groups and having ¥y as their partition
function. However, the polyacids under consideration have
no identifiable, well-separated subunits in which each
ionizable group would interact solely with groups of the
same subunits but not with those of other subunits. As
has already been mentioned, N has no intrinsic molecular
significance but may be any number large enough so that
eq 1 represents the potentiometric titration curve within
the attainable experimental precision.

Nevertheless, by introducing a different interpretation
for the subunit, the identification of ", with the partition
function of the subunit may be preserved. The subunit
is defined to be any chain segment containing N ionizable
groups. Since Yy and Y * contain exactly the same in-
formation, obtained from experimental data pertaining to
the actual polyacid, the subunit may be viewed as repre-
senting and sampling the behavior of the polyacid molecule
as a whole. We therefore denote it by the term
“representative sample subunit” or RSSU. The values of
its ionization constants, 8;, are the results of interactions
with groups located both within and outside the subunit.
A significant consequence of identifying > 5 with the
partition function of the RSSU is that the quantity
B:hi/ 3 n denotes the probability that i of its protons are
dissociated or, expressed alternately, that on selecting at
random and independently a large number of RSSU’s, the
relation

x=Bh /Ty (24)

gives the mole fraction of subunits with { dissociated
protons.

Application to Analysis of Conformational
Transitions

The foregoing analysis helps to elucidate the conditions
necessary for observing a bimodal distribution in the
species mole fractions, x;, for a polyacid undergoing a
conformational transition. At any pH in the transition
region the polyacid solution may be viewed as a mixture
of the two conformations which must differ significantly
in their degrees of ionization for the effect to be noticeable
at all. If now each polyacid molecule existed in its entirety
in one or the other conformation, the mole fractions, x*,,
of the whole polyacid molecule would be expected to have
a bimodal distribution. However, it is more common for
the cooperative unit to be much smaller than the macro-
molecule, which then consists of alternating stretches of
the two conformations. The degree of ionization of each
macromolecule would now be an average of the degrees of
ionization of the conformations, and the x*; distribution
would show a single peak only. Consider now a repre-
sentative sample subunit (RSSU) which reports the ion-
ization behavior of NV consecutive ionizable groups on the
macromolecule. We may imagine the observed distribution
of the x;’s to result from a scan of the polyacid molecules
by the RSSU. If in such a scan the frequency with which
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Table I
Stepwise Ionization Constants for Polyacids with N = 8
pK;
i PAA“ ()% (01 PGAC
1 3.60 2.85 4.12
2 4.10 3.20 4.06
3 4,51 3.48 4.32
4 4,90 3.73 5.43
5 5.29 4.00 4,51
6 5.72 4.29 5.24
7 6.19 4.64 5.44
8 6.88 5.15 6.32

9In 0.2 NaCl. From ref 6 (code B7). ®1In 0.1 M NaCl.
From ref 7 (code 93D). ¢1In 0.2 M NaCl. From ref 8.

the RSSU overlaps predominantly one or the other con-
formation is large compared to the frequency with which
is spans significant portions of both conformations, the x;
distribution will arise chiefly from the individual confor-
mations and may be expected to be bimodal. This con-
dition will be satisfied if the cooperative unit is large
compared to the RSSU.

Applications to Experimental Results

In addition to the two polyacids treated previously, three
more polyacids have now been analyzed, namely, poly-
(acrylic acid) (PAA), (carboxymethyl)cellulose (CMC), and
poly(L-glutamic acid) (PGA). It is generally believed that
the first two of these do not and the last of these does
undergo a conformational transition. In order to discuss
the results, which are presented in Table I, it is convenient
to develop first a simple criterion by which the existence
and location of a minimum in the population distribution
of the RSSU can be inferred directly from the ionization
constants, without the need for the space-consuming ta-
bulations or graphs of the x;’s.

For x; to be a minimum at a particular pH, we must
have, by application of eq 24, the inequalities

Bith™ > Bt < B hi*? (25)

Dividing by 8,/ and defining stepwise ionization constants
by

K; = B:/Bi4 (26)
we obtain
1/Kh > 1< Kiih (27)

Since K;h is positive, this can be written as
Kh<1<K;h (28)

On dividing by A and taking negative logarithms, this
becomes

pK; > pH > pK;y, (29)

which is the desired criterion for x; to have a minimum.
By the same method it can be shown that the condition
for a maximum in x; is

pK; < pH < pK;y, (30)

All the pK; values in Table I were calculated by eq 1 and
26. Those for PAA and CMC were based on experimental
results of Mandel®? and those for PGA on the results of
Wada.® It is clear that for PAA and CMC the pK;’s in-
crease steadily with 7, indicating the absence of minima
in the population distribution.? At any pH the distribution
has a single maximum according to criterion 30. In con-
trast, in the case of PGA the distribution functions are seen
to be bimodal at every pH between 4.51 and 5.43. For
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example, for pH 5, x, is a minimum according to criterion
29 while x5 and x5 are maxima according to criterion 30.
The occurrence of a helix—coil transition in this pH range
has been directly demonstrated by specific rotation data.?

The use of the inequality 30 to diagnose minima in the
population distribution also furnishes a simple means for
determining whether a minimum is experimentally sig-
nificant or whether it may be an artifact arising from ex-
perimental error. In our own experimental work with
copolymers of maleic acid and alkyl vinyl ethers we have
found that the reproducibility of pK; values obtained from
several independent titration experiments was within 0.2
unit, and therefore we consider decreases in successive
pK.’s of greater than 0.4 unit as permitting the inference
of a minimum in x;. If we assume that the experimental
accuracy of the PGA titrations was about the same as ours,
we may conclude that the decrease from pK, to pKj is
significant but that we may not attach significance to the
decrease from pK; to pK,.

Concluding Remarks

The method described in this paper is not limited to the
deprotonation of polyacids but may be generalized to other
polyelectrolyte equilibria. The extension to the dissocia-
tion of ligands other than protons is obvious. To treat
association equilibria, the formulas developed here apply
directly, with the modification that the reciprocal activity,
h, must be replaced by the activity of the ligand and the
;s must be regarded as association instead of dissociation
constants.
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Appendix. Derivations of Eq 14 and 15

The chemical potential, u, of a polyacid, partially de-
protonated according to eq 9, is given by the expression
N* N
Bo= 2%+ ity (A1)
i=0 i=0
where u; and uy+ are the chemical potentials of species A*;
and H*, respectively. Subtracting the identity u, =
Mo i=o™ x* from both sides of eq Al, we obtain
N=*
p=po = 2a¥( + tuwr — po) (A2)
i
Because the system is in equilibrium according to eq 9,
each expression in parentheses on the right-hand side of
eq A2 vanishes, and

K= (A3)

Thus the chemical potential of the polyacid is that of the
un-ionized species, and the free energy of ionization per
mole of polyacid is given by

AG*, = uolafter ionization) — uo(before ionization)

RT1 [A*O]after'YO,after
= n—m—
[A*O] beforeY 0,before

(Ad)

Neglecting changes in the activity coefficient of the un-
charged species and assuming no change in solution vol-
ume, we obtain
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AG*, = RT In x*, (A5)

which, by eq 13, becomes
AG*, = -RT In 2* (A6)

This is the desired eq 14, which gives the free energy of
ionization per mole of polyacid at ambient chemical po-
tential of hydrogen ion.5

To calculate the free energy change for the same process
except that the dissociated hydrogen ion is in its standard
state, we modify the chemical potential in eq Al by adding
the quantity 3™ ix*u°y+ ~ 3oV ix*,uy+. This has the
effect of adding this quantity to the right-hand sides of
eq A2-AB6, also. (The term persists through eq A4 because
it is zero before ionization.) By applying eq 12 to eq 1, we
obtain the identity

N=*
Yix*; = N*a/ay, (AT)
i=0

By the definition of h, we have
pp+ — g+ = -RTIn h (A8)
Then the desired free energy change is
AG®*, = -RT(In 22* - (N*a/ay) Inh)  (A9)

which is eq 15.

It should be noted that the total concentration of the
polyacid is assumed to be constant in these processes and
small enough (in an absolute sense and also compared to
the concentration of the supporting electrolyte) so that
interactions between macromolecules may be neglected.
Equations A1-A9 may consequently be considered to apply
to the polyacid at infinite dilution in the electrolyte me-
dium. By regarding the pH, like temperature and pressure,
as a potential, one may therefore define the polyacid in
a fixed medium of excess supporting electrolyte to be in
its standard state at every pH, even though it consists of
a large number of species differing in ionization states.
This concept may be applied to obtain standard free en-
ergy differences between two conformations at any pH
when the standard free energy difference at zero charge
is known.10
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